Advanced Photon Source

Lecture 7

Wave guides and Resonators
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Dispersion

First, consider a very simple sinusoidal electromagnetic wave
propagating along along the x-axis, with electric field

E = Acos(ot — kx)

)

Vb zco/](

v, 1s the . The 1s the velocity at which
the crest of the sinusoidal wave move through space. If one moves

the observation point from 0 to x, the wave will arrive £, = V—
P
Later and t, 1s referred to as the
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Dispersion

In vacuum (free space) the wave vector 1s given by and the
phase velocity is just the vacuum velocity of light. In a material the
wave vector 1s given by so that the phase velocity 1s the
vacuum velocity of light divided by the refractive index n.

Lets consider the a superposition of two waves at slightly different
frequency, that 1s:

E = Acos(oyt — kyx)+ Acos(wyt — kyx)
=2 Acos(ot — kx)cos(Awt — Akx)
I have defined four new quantities as:
O =0+ A0, kg = k+ Ak
0y =0—- A0, k) = k- Ak
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=—— > —fr Ak >0
s Tk okt
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ispersi
Dispersion

v, 18 the group velocity and v, 1s the phase velocity. The crests of the
wayve still move at the phase velocity but the modulations move at the
group velocity. As before the group delay 1s defined by:

There 1s another, slightly different, definition of the phase and
group delay. When a wave travels over a certain distance X,
through some medium, 1t will accumulate phase. In complex
notation, the output field is related by the input field by

Loy = L e

O = Ax
Referring to these equations, it can be seen that the phase and
group delay can also be expressed as: b a0

el
P w'% bw
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Dispersion

How fast do signals travel?

When an electromagnetic wave travels through a medium, it
accumulates phase. Naturally, the question arises what the velocity
1s at which a signal propagates. This in not the phase velocity. The
phase velocity 1s the velocity of the waves or, put in other words, it
1s the velocity at which the zero crossings of the field propagate.
Thus, the phase velocity at frequency  1s the velocity at which
the wave propagates. A perfect cosine repeats
itself every radians and cannot therefore transport any
information. Information 1s, for example, a series of bits that can
only be encoded on a electromagnetic wave by modulating it. The

modulations propagates with the group velocity.
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Dispersion

Unfortunately, things are not that simple. Consider a wave guide,
consisting of a hollow metal tube filled with air.

It can be shown that an electromagnetic O
wave traveling through this wave guide )\
will accumulate the phase |

2
¢(m)=®CL (mj ~1
c We . Assuming

that the electric field vector 1s
everywhere perpendicular to the metal-

air interface (TE mode).
_ 2x.c

14— . x.=1.841.Using
we can write:
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Dispersion

w=(ck) ~ 02

(D/(2ﬂ?><1012)

Cut-off

0 ]{C/(27t><1012) 1
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Dispersion

® The frequency scale ~1THz (A~1mm)
B The “light line” corresponds to light propagating in free space
B At very large k, the dispersion curve becomes the light line

B Thus, the wavelength of the light (k=27/A) becomes much shorter than the
diameter of the wave guide.

B When the wavelength becomes of the order of the diameter of the wave guide
(k-—>0), the dispersion curve flattens. At k=0, the frequency has finite value,
therefore the phase velocity, which is w/k, is infinite! An infinite velocity means
the electromagnetic wave travels the distance L through the wave guide in zero

time.

o0
B On the other hand, the group velocity, given by Vg = o s zero at k=0!Thus, in

a wave guide at cut-off the phase velocity is infinite and the group velocity is
zero. If signals travel with the group velocity then at cut-off signals do not travel
at all. This a good example where the group velocity does not represent the

signal velocity.
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Dispersion

What happens to electromagnetic waves that have frequencies
below cutoff frequency?

These waves are 1n a “forbidden region,” much like the band
gap 1n a semiconductor.

o (o -]

Therefore, below cutoff the electromagnetic wave 1s no longer a
propagating wave with well defined wavelength. Instead, the
wave decays exponentially and smoothly. Such wave is called
evanescent wave. Sine k 1s imaginary, ik is a purely real
number.
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Advanced Photon Source

Dispersion for Waveguide

Q)
Parallel Plate Wave guide
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Advanced Photon Source

Rectangular Waveguide Resonator
(Recap)

The is obtained from a section of rectangular
wave guide, . We assume
again and

/

A

< >
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Advanced Photon Source

Rectangular Waveguide Resonator
(Recap)

The addition of a new set of plates introduces a condition for

in the z-direction which leads to the definition of
oscillation frequencies

1 m 2 " 2 D 2
2 /ue |\ a b d
The high-pass behavior of the rectangular wave guide 1s modified
into a very narrow behavior, since cut-off frequencies

of the wave guide are transformed into of
the resonator.
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Advanced Photon Source

Rectangular Waveguide Resonator
(Recap)

| |
0 ﬂl f;Z f 0 f;l f;Z f

In the wave guide, each mode is In the resonator, resonant modes can
associated with a band of frequencies only exist in correspondence of discrete
larger than the cut-off frequency. resonance frequencies.
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Advanced Photon Source

Rectangular Waveguide Resonator
(Recap)

The cavity resonator will have modes indicated as

™

mnp

The values of the index corresponds to periodicity (number of sine or
cosine waves) in three direction. Using z-direction as the reference for
the definition of transverse electric or magnetic fields, the allowed
indices are

(m=0123,.. (m=0123,..
TE{n=0]123,... TM{n=0123,..
p=0123,.. p=0123,..

With only one zero index m or n allowed

The mode with lowest resonance frequency is called In case
a > d>b the dominant mode is the
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Advanced Photon Source

Rectangular Waveguide Resonator
(Recap)

Note that a cavity mode, with magnetic field transverse to the z-
direction, it is possible to have the third index equal zero. This is because the

magnetic field is going to be parallel to the third set of plates, and it can
therefore be uniform in the third direction, with no periodicity.

The components will have the following form that satisfies the
boundary conditions for perfectly conducting walls.

L, =g, Sin(m7T Xj cos(myjsin(m Zj
y : a b d

L, =&, Sin(mnxj Sin(mijs(mzj
' J a b d
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Advanced Photon Source

Rectangular Waveguide Resonator
(Recap)

The amplitudes of the components also must satisfy the
divergence condition which, in absence of charge is

V.-E=0= (ijX +(ijy t (ij7 =
a b d i

The intensities are obtained from Ampere’s law:

F -8B F ( h l )
HyzBX Z B ¥ cos| 25 Sin(myjcos P,
JO \a ) b \d )

- ByE,-BLE, mmn nn J2s

Cos| — X COS( yjsin —z
JOU a b d
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Advanced Photon Source

Rectangular Waveguide Resonator
(Recap)

Similar considerations for and indices can be made if the other axes
are used as a reference for the transverse field, leading to analogous
resonant field configurations.

A cavity resonator can be coupled to a through a small opening.
When the input frequency resonates with the cavity, electromagnetic
radiation enters the resonator and a lowering in the output is detected. By
using carefully tuned cavities, this scheme can be used for

=

Movable piston changes
the resonance frequencies —

IMPUT L

OUTPUT
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Ad‘vanced Photon Source

termination

ixcitation with a dipole antenna Excitation with a loop antenna

o
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Advanced Photon Source

Field Expressions For TE Modes — Rec. WG

m,n = 01,2, ... but not both zero

o
B = Acos(mﬂ Xj cos(myjei‘]mz
a b
2 I
B ; k“z @MmACOS(ijSin(myj€+JBZZ
41t a a b
% 17 17T 17 B,z
Ey =—7 62 oouASin(chos(yje i
41t b a b
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Advanced Photon Source

Field Expressions For TE Modes — Rec. WG

| J (mj ' (b) - J(mfi (nf

a b
-
RO - (r./f
| 1 1
B eI (2 /1) Jus1-(2,)
p/e b€

=y im0y
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Advanced Photon Source

Field Expressions For TM Modes — Rec. WG

mn=123,..
ke — o
i = Acos(m Xj cos(m yjeJ_rJBZZ
a b
2 s
E =%, g o Acos(ijsm(myjeﬂBZZ
27th, a a b
2 L
L, =%/ . chsm(ij cos(myjeﬂBZZ
27t7u b a b
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Advanced Photon Source

Field Expressions For TM Modes — Rec. WG

QZzJ@J(?)2+(ZT - J(mf{nf

S iei- (7.1} Juei-( )

i \/E\/l—(fc/f)z =JE\/1—W7»C)2
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Advanced Photon Source

Determine the lowest four cutoff frequencies of the dominant
mode for three cases of rectangular wave guide dimensions ,

, and . Given a=3 cm, determine the propagating
mode(s) for /=9 GHz for each of the three cases.

The expression for the cutoff wavelength for the TE,_  mode where m=0,1,2,3,..
and n=0,1,2,3,.. But not both m and n equal to zero and for TM_ . mode where
m=1,2,3,.. And n=1,2,3,.. is gi\ien by 1

. 2 2
m n
R _|_ N

\/( 251) ( 2D j

The corresponding expression for the cutoff frequency is

S ORI
< A, AJpe\\2a 2b)  2a\ue b
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Advanced Photon Source

The cutoff frequency of the dominant mode TE,, is

b

d

N |

N

N | —

W | —

1
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1/ 23@ . Hence
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Advanced Photon Source
1,

Hence for a signal of frequency f=9GHz, all the modes for which [ ]
less that 1.8 propagate. These modes are: ¢ty

TE,,, TE,, TM,,, TE,, for b/a=1
TE,, for b/a=1/2
TE,, for b/a=1/3

is

So for b/a<1/2, the second lowest cutoff frequency which corresponds to that of
the TE,, mode is twice of the cutoff frequency of the dominant TE,, . For this
reason, the dimension b of the a rectangular wave guide is generally chosen to
be less than or equal to a/2 in order to achieve single-mode transmission over a
complete octave( factor of two) range of frequencies.
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Advanced Photon Source

Rectangular Cavity Resonator

* Add two perfectly conducting walls in z-plane separated by a
distance d.

¥ For B.C’s to be satisfied, d must be equal to an integer
multiple of A /2 from the wall.

* Such structure 1s known as a cavity resonator and 1s the
counterpart of the low-frequency lumped parameter resonant
circuit at microwave frequencies, since it supports oscillations
at frequencies foe which the foregoing condition, that is

d=l)\/2, 1=123,.. Iis satisfied. y

A

RF and Microwave Physics Fall 2002 - AN Lecture 7/27




Advanced Photon Source

Rectangular Cavity Resonator

Substituting for A, and rearranging, we obtain

2d _ A
P \/1 - (x/kc )2

2
40
MoAL \2d

Substituting for A, g1ves

e GG (2 W(;)Z(ijﬁﬁpf

2 2 2

= ) () ()
fosc_ - T TlAS
A @Jza 20 2d
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Advanced Photon Source

Quality Factor Q

The is in general a measure of the ability of a resonator to store

energy in relation to time-average power dissipation. Specifically, the Q of a
resonator is defined as

. Warimaum enengy stoned W
5@%«%@%5%/@%%& PW(TZ]]
VVS[T:VV:?-I_Wm

Consider the TE,,, mode:

2 d b a
(couaj Hozj. j jsinz(anSZn (n ja’Xdydz
4\ T a d
0 0 O
_ abduH?| P— 2[1 1} : ,2(7“)0, a
W = = 1 = — + and — ——
R T D T P i, =
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Advanced Photon Source

The time average stored magnetic energy can be found as

Wm=EjV\H :

B2 [ e

m

Hz‘zdv

( j cos’ (nzj + cos® (Mj sin® (dexdydz
d a d

00 0 |
abduHoz a’
16 d?

+1

8 abdw H
WSZT W We B Wm —

8
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Advanced Photon Source

We now need to evaluate the . This
dissipation will be due to the on each of the six walls as
induced by the , that is ]_5 — A x H . Note that the

power dissipation is given by l‘js‘st and that ‘]_S‘:‘ﬁm”‘
2

R, = \/n /'y, /0' is the surface resistance.

R
PW311=75I ]]‘Htan‘ ds =
wa
b a d b d a
% 2,[ j‘HngodXd”Zj J“HZ@:OddeJrz_“ II:‘HZ‘2+‘HX‘2}dXdZ
00 00 00 J
| frontback right, left top,bottom _
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Advanced Photon Source

After completing the integration steps, we obtain:

P =RSH°2d2 < £+1+ 2\ & +1
(i 4 d )\ 42 d ) 43

Therefore the quality factor Q, is

2
d
2+1
0 = 2Wser _ /101D (d ]
Bl RD |0\ 42 b\ 23
— | A+l |+ +1
d )\ g2 d )\ 43
, N
d
—
Substituting for f,,,, gives °nb d?

2Rd {(2)(;22 . 1} - @fj{ ;33 | 1ﬂ
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Advanced Photon Source

For a cubical resonator with a = b = d, we have

Skin depth of the
surrounding  metallic
walls, where p  is the
permeability of the
metallic walls.
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Advanced Photon Source

Air-filled cubical cavity

We consider an air-filled cubical cavity designed to be resonant in TE,,; mode at
10 GHz (free space wavelength A=3cm)with silver-plated surfaces (c=6.14x107S-
m, p.= p, . Find the quality factor.

i 1 1 c A
Hor=a +1/2ue)=a= = =—=2.12cm
i - fi01V2me80  fio1V2 2

At 10GHz, the skin depth for the silver is given by

9 7 '
0=|tx10x10" x4nx10 " x6.14x10 ~ (0.642um

and the quality factor is

O - a - 2.12cm ~ 11,000
30 3x0.642um

RF and Microwave Physics Fall 2002 - AN Lecture 7/34




Observations

Previous example showed that very large quality factors can be achieved with
normal conducting metallic resonant cavities. The Q evaluated for a cubical
cavity is in fact representative of cavities of . Slightly higher
Q values may be possible in resonators with other simple shapes, such as an
elongated cylinder or a sphere, but the Q values are generally on the order of
magnitude of the

K 2
Bl I 21/, IH dv
7). VVS[r:(Donm:( )2 v ;%chzvfly
B Do R, §> H2ds O Sciy
2
S
Where S, ;,,is the cavity surface enclosing the cavity volume V., ;.
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